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Abstract. A structure of terms of I-faster convergent series is studied in the paper. Nec-
essary and sufficient conditions for the existence of I-faster convergent series with different
types of their terms are proved. Some consequences are discussed.
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1. Introduction
Many papers have been devoted to the study of methods for faster convergence
of sequences, of course also to the acceleration of convergence of sequence of partial
sums of infinite series [2], [7], [10], [11], [14]. One of the methods how to accelerate
the convergence of the sequence of partial sums of an infinite series consists in the
substitution of the given series by another faster convergent series with the same
sum. This way was suggested by Kummer. Knowledge of the structure of terms
of faster convergent series plays an important role in the study of Kummer’s series.









bn if and only if lim
n→∞
an/bn = 0. A similar result is proved
for Kummer’s series and for I-faster convergent series. More about I-convergence
is in [1], [4], [8], [9]. Statistically faster convergent sequences as a special case of I-
convergent sequences are studied in [3], [12], [13]. In the present paper we study the








bn with I- lim
n→∞
an/bn = c 6= 0 or I- lim
n→∞
an/bn not existing. Results similar to
those in [6] for I-convergent series are proved.
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We denote by N the set of all positive integers and by R the set of all real numbers.
Let {an}
∞
n=1 be a sequence of real numbers. In what follows, if we say that I- lim
n→∞
an
exists, we admit also the cases I- lim
n→∞
an = +∞ (−∞). We will suppose that the
terms of all infinite series are real nonzero numbers.
2. Basic definitions and concepts
In what follows we will suppose that I is an admissible ideal of subsets of N.
Definition 1 [4]. We say that I is an admissible ideal of subsets of N if it satisfies:
(a) if A, B ∈ I, then A ∪ B ∈ I (additivity),
(b) if B ⊂ A ∈ I, then B ∈ I (heredity),
(c) I contains all singletons and does not contain N.








bn be convergent series such that bn +










(an + an+1 + . . .)/(bn + bn+1 + . . .) = 0.
Definition 3 [4]. We say that a sequence {an ; n ∈ N} has the I-limit equal
to a real number L and we write I- lim
n→∞
an=L, if for each ε > 0 the set A(ε) =
{n ; |an − L| > ε} belongs to the ideal I.


































bn be I-convergent series such that bn +











(an+1 + an+2 + . . .)/(bn+1 + bn+2 + . . .) = 0.
R em a r k. The expression bn + bn+1 + . . . , n ∈ N, n > 1 means s− b1− b2− . . .−




an, I being an ideal.
In what follows we will write “I-fcst” instead of “I-faster convergent series than”.





xn if for each ε > 0 the set
{













is not from I.
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bn be an I-convergent series such that Bn = bn + bn+1 + . . . 6= 0, n ∈ N.








bn. Namely, if we put An = B
3
n,
n ∈ N then I- lim
n→∞
An+1/Bn+1 = 0 and An 6= An+1, n ∈ N. Put an = An − An+1,













bn be an I-convergent series such thatBn = bn+bn+1+. . . 6= 0,








bn such that I- lim
n→∞
an+1/bn+1 = 0.





n=1 be sequences such that |rn| = min{1/n




min{αn, |Bn/Bn+1|αn, n−1 min{|γn+1|, |γn|}}, n ∈ N, α1 > 0. This
implies lim
n→∞




rkγk + pαn, n ∈ N where p > 0 and
such that εnBn 6= εn+1Bn+1, n ∈ N. Such p exists because the number of identities
εnBn = εn+1Bn+1, n ∈ N is countable. Since αn+1 < |Bn/Bn+1|αn we have αnBn 6=
αn+1Bn+1, n ∈ N. We also get lim
n→∞
εn = 0 and εn − εn+1 = rnγn + p(αn − αn+1).
Put An = εnBn, an = An − An+1, n ∈ N. This implies I- lim
n→∞


























































an+1/bn+1 = 0 and so I- lim
n→∞





bn be an I-convergent series such that bn + bn+1 + . . . 6= 0,
n ∈ N. Let {rn}∞n=1 be a nonzero sequence such that I- lim
n→∞




bnrn/(bn+1 + bn+2 + . . .) is an I-convergent series. Then for every c ∈ R \ {0}
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P r o o f. Suppose that there exists a nonzero sequence {rn}∞n=1 such that I-
lim
n→∞




bnrn/(bn+1 + bn+2 + . . .) is an I-convergent series.





n ∈ N. By induction we construct {Dn}∞n=1 such that







, n ∈ N,(1)
Dn−1 6= (1 + γn)Dn, n > 1.(2)
Choose D1 such that 0 < D1 < min{1, |γ1|}. By the continuity of f1(x) =
min{1, |γ1|}− |D1− x| at 0 there exists a neighbourhood O1 of 0 such that if x ∈ O1
then |D1 − x| < min{1, |γ1|}. It follows that there is D2 ∈ O1, 0 < D2 < D1,
D2 < min{1/22, |γ2|/22}, |D1 − D2| < min{1, |γ1|}, D1 6= (1 + γ1)D2. Sup-
pose D1, D2, . . . , Dn with (1), (2) are constructed. By the continuity of fn(x) =
min{1/n2, |γn|/n2} − |Dn − x| at 0 there exists Dn+1 such that 0 < Dn+1 < Dn,
Dn+1 < min{1/(n + 1)2, |γn+1|/(n + 1)2}, |Dn−Dn+1| < min{1/n2, |γn|/n2}, Dn 6=
(1 + γn)Dn+1. It is evident that lim
n→∞
Dn = 0. Denote ε
⋆
n = εn + Dnq, An = ε
⋆
nBn,
n ∈ N where q 6= 0, q ∈ R is such that q(DnBn − Dn+1Bn+1) 6= εn+1Bn+1 − εnBn,
ε⋆n 6= 0, n ∈ N (such q exists because the number of conditions for q is countable).
From ε⋆nBn − ε
⋆
n+1Bn+1 = εnBn − εn+1Bn+1 + q(DnBn − Dn+1Bn+1) it follows
that An 6= An+1, n ∈ N. It is evident that I- lim
n→∞
ε⋆n+1 = 0 and this implies
I- lim
n→∞
An+1 = 0, I- lim
n→∞


























|Dn+1 − Dn+2| 6
|γn+1|
n2
, εn+1 − εn+2 =
γn+1rn+1c
r
we obtain I- lim
n→∞
(An+1 − An+2)/(Bn+1 − Bn+2) = c. Put an = An − An+1, n ∈ N.






bn be an I-convergent series such that bn + bn+1 + . . . 6= 0,








bn such that I- lim
n→∞
an+1/bn+1 = c then there exists a sequence {rn}∞n=1, rn ∈
R \ {0}, I- lim
n→∞




bnrn/(bn+1 + bn+2 + . . .) is an I-convergent
series.




bn is an I-convergent series such that Bn = bn +




an be an I-convergent




bn such that I- lim
n→∞
an+1/bn+1 = c. Denote An =
an + an+1 + . . . , n ∈ N. From an+1/bn+1 = (An+1 − An+2)/(Bn+1 − Bn+2) it
follows that I- lim
n→∞









bn we have I- lim
n→∞
An+1/Bn+1 = 0. Denote εn = An/Bn, n ∈ N, then
(An+1 − An+2)/(Bn+1 − Bn+2) = εn+1 + Bn+2/(Bn+1 − Bn+2)(εn+1 − εn+2). Put
rn = Bn+1/(Bn − Bn+1)(εn − εn+1 + αn), n ∈ N where
















are such that εn − εn+1 + αn 6= 0 for n ∈ N. Then rn 6= 0, n ∈ N and I-
lim
n→∞













rj((Bj − Bj+1)/Bj+1). 





























bn be an I-convergent series such that bn +bn+1 + . . . 6= 0, n ∈
N. Let {rn}∞n=1, be a nonzero sequence such that I- lim
n→∞







bnrn/(bn+1 + bn+2 + . . .) be an I-convergent series. Then there
279


















(Bj − Bj+1)rj/Bj+1, n ∈ N then the proof of this









bn be I-convergent series such that bn + bn+1 + . . . 6=








bn such that I- lim
n→∞
an+1/bn+1 = +∞ (I-
lim
n→∞
an+1/bn+1 = −∞). Then there exists a nonzero sequence {rn}∞n=1 such that
I- lim
n→∞
rn+1 = +∞ (I- lim
n→∞




bnrn/(bn+1 + bn+2 + . . .) is an
I-convergent series.
P r o o f. The proof is similar to that of Lemma 3. 
Definition 8. We say that I has the property (sh) if the following implication
holds:
(sh) If M ∈ I then M + 1 = {n + 1; n ∈ M} ∈ I and M − 1 = {n ∈ N ; n = m− 1,
for some m ∈ M} ∈ I.
Lemma 6. The following assertions are equivalent:





an I-convergent series we have I- lim
n→∞
an = I- lim
n→∞
an+1 = 0.





I-convergent series to the number a ∈ R. For every ε > 0 we have Mε = {n ∈
N ; |sn − a| > ε} ∈ I, sn = a1 + a2 + . . . + an, n ∈ N. Denote An+1 = a − sn,
n ∈ N, A1 = I − lim
n→∞
sn. From (sh) it follows that Mε − 1 ∈ I and Mε + 1 ∈ I. So
{n ∈ N ; |sn−a| > ε} ∈ I, {n ∈ N ; |sn+1−a| > ε} ∈ I, {n ∈ N ; |sn−1−a| > ε} ∈ I.
Consequently I- lim
n→∞
An = 0, I- lim
n→∞
An+1 = 0, I- lim
n→∞
An+2 = 0. This implies I-
lim
n→∞
an = I- lim
n→∞
(An − An+1) = 0, I- lim
n→∞
an+1 = I- lim
n→∞
(An+1 − An+2) = 0.















for m ∈ M.
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We have {n ∈ N ; |An+1| > ε} = Bε ∪ M, where Bε is a finite subset of N for every





is a nonzero I-convergent series. From (b) we have I- lim
n→∞
(An − An+1) = 0, I-
lim
n→∞
(An+1 − An+2) = 0. If M + 1 /∈ I then R = ((M + 1) \ M) /∈ I. If r ∈
R \ {1} then r /∈ M and r = m + 1 for some m ∈ M, so r − 1 ∈ M. Thus implies
|Ar − Ar+1| = |1 + 1/r − 1/(r + 1)| > 1 and so r ∈ {n ∈ N ; |An − An+1| > 1}.
Hence R ∈ I, a contradiction. So M + 1 ∈ I. If M − 1 /∈ I then from M ∈ I we
get S = ((M − 1) \ M) /∈ I. If s ∈ S then s /∈ M and from s = m − 1, m ∈ M




s ∈ {n ∈ N ; |An+1 − An+2| >
5
6
}. This implies S ∈ I, a contradiction. 
Definition 9 [8]. We say that I has the property (AP) if the following condition
is fulfilled:
(AP) For any countable family {Ai ; i ∈ N} of mutually disjoint sets (Ai∩Aj = ∅,
i 6= j) from I there exists a countable family {Bi ; i ∈ N} such that the










bn be an I-convergent series such











an+1/bn+1 does not exist. Then I-lim inf
n→∞
|bn+1/(bn+1 + bn+2 + . . .)| = 0.
P r o o f. Suppose I has the property (sh). This implies that if {αn}∞n=1 is a
sequence such that I- lim
n→∞













bn be I-convergent series such that Bn = bn +








bn. Assume I- lim
n→∞
an+1/bn+1 does
not exist. Denote γn = Bn/(Bn − Bn+1), An = an + an+1 + . . . , n ∈ N. Since I-
lim
n→∞
(an+1 + an+2 + . . .)/(bn+1 + bn+2 + . . .) = lim
n→∞
An+1/Bn+1 = 0, an+1/bn+1 =
(An+1 − An+2)/(Bn+1 − Bn+2) = An+2/Bn+2 + γn+1(An+1/Bn+1 − An+2/Bn+2)
and the I- lim
n→∞
an+1/bn+1 does not exist, the sequence {γn+1}∞n=1 is not I-bounded
(see the proof of Lemma 3.9 [5]), i.e., for arbitrary K ∈ R we have {n ∈ N ; |γn+1| >
K} /∈ I. This implies I-lim inf
n→∞
|1/γn+1| = I- lim inf
n→∞
|bn+1/(bn+1 + bn+2 + . . .)| = 0.

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bn be I-convergent series
such that bn + bn+1 + . . . 6= 0, n ∈ N. Let I- lim
n→∞









bn such that I- lim
n→∞
an+1/bn+1 does not exist.




bn be an I-convergent se-
ries such thatBn = bn+bn+1+. . . 6= 0, n ∈ N and I- lim
n→∞
|bn+1/(bn+1 + bn+2 + . . .)| =





1/|γn| = 0 and so I- lim
n→∞
|γn| = +∞. From {n ∈ N ; |γn| 6 1} ∈ I we get
K = {n ∈ N ; γn < −1} /∈ I or T = {n ∈ N ; γn > 1} /∈ I. There are two cases.
First, K ∈ I or T ∈ I and thus I- lim
n→∞
γn = +∞ or I- lim
n→∞
γn = −∞. Second,
K /∈ I and T /∈ I and thus I- lim
n∈K,n→∞
γn = −∞, I- lim
n∈T,n→∞
γn = +∞. From
definition, K ∩ T = ∅, N \ (K ∪ T ) ∈ I. Consider the first case I- lim
n→∞
γn = +∞ or
I- lim
n→∞
γn = −∞. Since the proof of the case I- lim
n→∞
γn = −∞ is similar to that of the
case I- lim
n→∞
γn = +∞ we will suppose that I- lim
n→∞
γn = +∞. From (AP) (similarly to





1/γn = 0, and there exists n0 ∈ N such that γn > 0 for n > n0,
n ∈ M. We will show there are M1 ⊂ M, M2 ⊂ M such that M1 ∩ M2 = ∅, M1 /∈ I,
M2 /∈ I. Denote M3 = {n ∈ M ; n − 1 /∈ M, n + 1 /∈ M}, M4 = M \ M3. If M4 ∈ I
then M3 /∈ I. Hence N \ M3 ∈ I because N \ M ∈ I, N \ M3 = (N \ M) ∪ M4. (sh)
implies (N \M3)+ 1 ∈ I, where X + 1 = {n ∈ N ; n = x+ 1, x ∈ X} for ∅ 6= X ⊂ N.
From M3 \ {1} ⊂ (N \ M) + 1 ⊂ (N \ M3) + 1 we have M3 ∈ I, a contradiction. So
M4 /∈ I. Denote M5 = {n ∈ M4; there exist n0 ∈ M, k0 ∈ N such that n0 − 1 /∈ M,
n0 + k0 + 1 /∈ M, n0 + i ∈ M for i = 1, . . . , k0, and n = n0 + j for j an even number
and 1 6 j 6 k0}, M6 = M4 \ M5. If M6 ∈ I then (sh) yields M6 + 1 ∈ I. Because
M5 ⊂ M6 +1 we haveM5 ∈ I and so M4 ∈ I, a contradiction. So M6 /∈ I. If M5 ∈ I
then M5 + 1 ∈ I and M5 − 1 ∈ I. This implies M6 ⊂ (M5 + 1) ∪ (M5 − 1) and so
M6 ∈ I, a contradiction. So M5 /∈ I. If we put M1 = M5 and M2 = M6 we get the
sought sets. First suppose that
∑
n∈M4
1/γn = +∞.We construct a sequence {rn}∞n=1,













rj/γj is a convergent series.
Let L ⊂ N, L = {l1 < l2 < . . .} be such that M4 = {n ∈ N ; l2i−1 6 n 6 l2i,
where l2i−1 − 1 /∈ M, l2i + 1 /∈ M, i ∈ N}. Put qj = min{|γj|/2j, 1/2j} sign(γj)
for l2i < j < l2i+1, l2i, l2i+1 ∈ L, i, j ∈ N, qj =
1
3




j ∈ M2. Moreover, if l1 > 1 we put an extra qj = 1 for j = 1, . . . , l1 − 1, where
sign(a) = 1 if a > 0, sign(a) = −1 if a < 0. Choose any s ∈ R, s > 1/γ1 in the
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qj/γj = +∞ we
can define by induction the following increasing sequence {nm}∞m=1, nm ∈ N. Put
n1 = min
{






, n2 = min
{











Suppose that we have n1 < n2 < . . . < nm−1, m > 1. If m = 2k + 1 we put nm =
min
{



















if m = 2k + 2 we put nm = min
{


















. Define {rn}∞n=1 as follows: denote n0 = 1
and put rn = (−1)m+1qn if nm−1 < n 6 nm, n ∈ N. From lim
n→∞











n, n ∈ N
where p ∈ R \ 0 is such that εn 6= 0, εnBn 6= εn+1Bn+1, n ∈ N (such p exists,
see the proof of Lemma 2). Put An = εnBn, an = An − An+1, n ∈ N. Then
I- lim
n→∞
(an+1 + an+2 + . . .)/(bn+1 + bn+2 + . . .) = I- lim
n→∞
An+1/Bn+1 = 0 and since
an+1/bn+1 = (An+1 − An+2)/(Bn+1 − Bn+2) = εn+2 + rn+1 + pBn+1(Bn+1 + Bn+2)
and Q = {n ∈ N ; |rn − r| >
1
12
} /∈ I, where r ∈ R, (Q ⊃ M1 or Q ⊃ M2), I-
lim
n→∞
an+1/bn+1 does not exist. If
∑
n∈M4




is again a convergent series because γn > 0 for n > n0, n0 ∈ N, n ∈ M4. If we put
rn = qn, n ∈ N, the proof is similar to that of the case
∑
n∈M4
1/γn = +∞. Secondly,
suppose I- lim
n∈K,n→∞
γn = −∞, I- lim
n∈T,n→∞
γn = +∞, K /∈ I, T /∈ I, K ∩ T = ∅ and
N\ (K ∪T ) ∈ I. From (AP) (similarly to [8]) put Ai = {n ∈ N ; −i < γn 6 −(i−1)}
∪ {n ∈ N ; i − 1 < γn 6 i}, i ∈ N. Then Ai ∈ I, Ai ∩ Aj = ∅, i 6= j, i, j ∈ N.







∈ I, N \ B /∈ I. Denote L1 = (N \ B) ∩ T, L2 = (N \ B) ∩ K. Because
B ∩ T ∈ I, B ∩ K ∈ I we get L1 /∈ I, L2 /∈ I, L1 ∩ L2 = ∅, N \ (L1 ∪ L2) ∈ I and
lim
n∈L1,n→∞
γn = +∞, lim
n∈L2,n→∞




























1/γn are divergent series.
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In case (a) we put rn = g1, n ∈ L1, rn = g2, n ∈ L2, where g1, g2 ∈ R \ {0},
|g1| 6= |g2| and rj = min{|γj|/2
j, 1/2j} sign(γj) for j ∈ N \ (L1 ∪ L2). In the other
















n and proceed as in the previous part of our
proof. 
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